International Journal of Theoretical Physics, Vol. 43, No. 11, November 2004 (© 2004)

Unital Groups and General Comparability Property

Anatolij Dvurecenskij'

Pseudo-effect algebras are partial algebras (E; +, 0, 1) with a partially defined addi-
tion + which is not necessarily commutative and therefore with two complements, left
and right. If they satisfy a special kind of the Riesz decomposition property, they are
intervals in unital po-groups. The general comparability property in unital po-groups
with strong unit (G, u), allows to compare elements of G in some intervals with Boolean
ends. Such a po-group is always an £-group admitting a state. We prove that every such
(G, u) is a subdirect product of linearly ordered unital po-groups.
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1. INTRODUCTION

The Abelian po-group B(H), the system of all Hermitian operators of a
Hilbert space H, plays an important role in orthodox quantum mechanics and in
its axiomatization. The identity operator / of H is a strong unit of the po-group
B(H),andtheinterval E(H) := {A € B(H) : 0 < A < I'}forms amostimportant
example of effect algebras (Dvurecenskij and Pulmannové, 2000). Effect algebras
were introduced in the 1990s by Foulis and Bennett (1994) as a 4--counterpart of
D-posets introduced by K6pka and Chovanec (1994). Some effect algebras have an
intimate connection with unital po-groups as an interval whenever they satisfy the
Riesz decomposition property. Such a property is an analogue of the distributivity,
however, B(H ) does not have the Riesz decomposition property.

Foulis (preprint, 2003, in press) studied compressions and compressible
Abelian groups as well as compressible groups with two special kinds of gen-
eral comparability. Such groups contain B(H ).

Recently, pseudo-effect algebras were introduced by me and Vetterlein
(DvureCenskij and Vetterlein, 2001a,b). They are also intervals in (non-
commutative) unital po-groups when they satisfy a generalized form of the Riesz
decomposition property (Dvurecenskij and Vetterlein, 2001b).
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In the present paper, we study the general comparability property in unital
po-groups which are not necessary commutative. Such groups admit to compare
arbitrary, two elements in special intervals with Boolean ends. We show that general
comparability entails that the group with the property is an £-group, which is a
subdirect product of linearly ordered po-groups. In addition, it admits a state.

2. PSEUDO-EFFECT ALGEBRAS AND UNIGROUPS

According to DvureCenskij and Vetterlein (2001a,b), a partial algebra
(E;+,0, 1), where + is a partial binary operation and 0 and 1 are constants,
is called a pseudo-effect algebra if, for all a, b, ¢ € E, the following holds:

(i) @+ b and (a + b) + c exist if, and only if, b 4 ¢ and a + (b + ¢) exist,
and in this case (@ + b) +c =a + (b + ¢);
(i1) there is exactly one d € E and exactly one e € E such that a +d =

et+a=1;
(>iii) if a + b exists, there are elements d, ¢ € E suchthata + b =d 4+ a =
b +e;

@iv) if 1 4 a or a + 1 exists, then a = 0.

If we define a < b if, and only if, there exists an element ¢ € E such that
a + ¢ = b, then < is a partial ordering on E such that 0 <a < 1foranya € E.
It is possible to show that a < b if, and only if, b =a + ¢ = d + a for some
c,d e E.Wewritec=a/bandd =b )\ a.

Pseudo MV-algebras are lattice pseudo-effect algebras such that (a \ (a A
b) = (a v b) \ b holds for all a, b.

An element u € G is said to be (i) a strong unit if given an element g € G,
there is an integer n > 1 such that g < nu, (ii) generative if given an element
g € G, there are elements eq, ...,e, € E :=T(G,u) :={gecG: 0<g <u}
such that g = e; + - - - + e,. A unital po-group is a couple (G, u), where G is a
po-group with strong unit u#. For example, if Abelian (G, u) satisfies the Riesz
interpolation property, then u is generative.

We recall that ' (G, u) is a pseudo-effect algebra. Dvurecenskij and Vetterlein
(2001a) and Dvurecenskij (2003) proved that if a pseudo-effect alegbra E satisfies
a special kind of the Riesz decomposition property, then E is isomorphic with
I'(G, u) for some unital po-group (G, u).

Let E be a pseudo-effect algebra. A mapping ¢ : E — K, where K is a
group, is said to be a K -valued measureifa,b € E,a + b € E imply ¥(a + b) =
V(a) + ¥ (b).

A unital po-group (G, u) is said to be a unigroup if, for any group K and any K -
valued measure i : I'(G, u) — K, ¥ can be extended to a group homomorphism
¥ : G — K; we recall that this extension is unique.



Unital Groups and General Comparability Property 2171

For example, if (G, u) satisfies (RDP), then (G, u) is aunigroup (Dvurecenskij
and Vetterlein, 2001a,b) and u is generative. Similarly, if (G, ) is an interpo-
lation Abelian po-group, then (G, u) is a unigroup (Ravindran, 1996). In par-
ticular, if (G, u) is a unital £-group, then (G, u) is a unigroup (Dvurecenskij,
2003).

If B(H) is the system of all Hermitian operators on a Hilbert space H, then
(B(H), I) is a unigroup, [ is generative and B(H) is not an interpolation group,
where [ is the identity operator (Foulis, preprint). We recall that owing to Kadison’s
theorem, B(H) is an antilattice, that is, only comparable elements in B(H ) have
joins and meets (Luxemburg and Zaanen, 1971).

More general, if A is a von Neumann algebra of operators acting in a complex
Hilbert space H and if B(.A) is the system of all Hermitian operators in A, then
(B(A), I) is a unigroup (Foulis, preprint).

3. CENTRAL ELEMENTS, GENERAL COMPARABILITY,
AND UNIGROUPS

An element e of a pseudo-effect algebra E is said to be central (or Boolean)
if there exists an isomorphism

fe: E—[0,e] x[0,e7] (1)

such that f,(e) = (e,0) and if f.(x) = (x1,x2), then x = x; + x, for any
x € E.

We denote by C (E) the set of all central elements of E, and C(E) is said to be
the center of E. We recall that 0, 1 € C(FE); in addition (Dvurecenskij, 2003), (i) if
e € C(E), then e” = e, we denote ¢’ = e™; (ii) C(E) = (C(E); Vv, A,,0, 1) is
a Boolean algebra; (iii) if x € E ande € C(E),thenx A e € E; (iv) if {¢;}_, isa
finite system of central elements of £ suchthate; A e; = Ofori # jande; VvV ---V
e, = l,thenforanyx € E,x = x Aej + -+ -+ x A ey; (v)if E is with (RDP), then
e € C(E)iffe A ™ = 0,orequivalently, iffe A e~ = 0, and (vi) the mappings p, :
E — [0,e] and p, : E — [0, ¢'] defined by p.(x) = e A x, and po(x) =x A €/,
x € E, are surjective homomorphisms such that f,(x) = [p.(x), p(x)] for any
x € E.

Suppose that £ = I'(G, u) and (G, u) is a unigroup. Since each mapping p, :
E — [0,e] € G (e € C(F)) is a homomorphism, it is also a G-valued measure.
Therefore, p, can be extended to a (unique) group homomorphism, p,, from G
into G. We recall that (i) p.(x) > 0 forany x € G, (ii) p.(x) < p.(y)ifx < y,
(ii1) Pe © Pe = Pe-

Let (G, u) be a unital po-group. For any element ¢ € G, we denote by G(e)
the directed convex subgroup of G generated by e. Then, G(e) = J,{g € G :
—ne < g < ne}.
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Proposition 3.1. Let (G, u) be a unigroup with generative u and let e be a central
element of E = T'(G, u).

(1) Pe(x) + per(x) = x = per(x) + p.(x) for any x € G.

(ii) If x € G* and x < nu for some integer n > 1, then p,(x) = ne A x.

(iii) ne Ane’ =0 foranyn > 1.

(iv) peo pe =0= pe o p..

(V) pe(G) = G(e)and p.(G) = G(€') are po-groups with strong unit e and
e, respectively, and G = p.(G) ® p.(G).

(vi) The mapping f. : G — G(e) x G(€') given by fo(x) = (P(x), pe(x)),
x € G, is a po-group isomorphism such that (a) f.(e) = (e, 0), (b)
few) = (e, e7),and (c) if fo(x) = (x1, X2), then x = x1 +x2,x € G.

Proof:

(i) Ifx € G*,thenx = x| +--- + x, where x, ..., x, € E.Then p,(x) +
Pex) = x;he+--F+x,Aet+x Ae+-Fx, A =xpAe+
xyNe +xane+---Fx, Aet+xaone -+ x, ANel=-=x] A
et+xiAe+--FxpAhetx, Ae =x1 4+ x, =xn=pa(x)+
De(x). The general case is now clear.

(i) AssumeO < x < nu.Then p.(x) < p.(nu) = np.(u) = ne.Inaddition,
the monotonicity of p, implies 0 < p.(x) = x — p.(x) which gives
pe(x) <x.Lety € G with y < x and y < ne be given. Then p.(y) <
Pe(x) and y — po(y) = pe(y) < per(ne) =0, ie., y < pe(y) < Pe(x)
which yields p.(x) = x A ne.

(iii) According to (i), we have ne A ne’ = p.(ne) = np.(e) = 0.

@iv) Let x =x; 4+ --- 4+ x, X1,...,Xx, € E. Then we have p.(p.(x)) =
er'l:l ﬁe(ﬁe’(xi)) = 0.

Ifx =xt —x7,wherex™, x~ € G, then p.(po(x)) = pe(po(xh)) —
Pe(Per(x7)) =0.

(v If x € p.(G)N po(G), then x = p.(x1) = P (x) for some xq, x; € G.
Therefore, x = po(x) + por(x) = Pe(Pe(x2)) + Per(Pe(x1)) = 0. In ad-
dition, from the construction of G(e) and G(¢’), we have that p, and p,
map G onto G(e) and G (¢'), respectively.

(vi) Suppose f,(x) < fo(y). Then by (i), x = p(x) + po(x) < pe(y) +
pe(y) = y, which proves that f, is a po-group isomorphism of G and
G(e) x G(e). g

We say that a pseudo-effect algebra E satisfies general comparability if,
given x, y € E, there is a central element e € E such that p,(x) < p.(y) and
pe(x) > po(y). This means that the coordinates of the elements x =
(pe(x), per(x)) and y = (p.(y), pe(y)) can be compared in [0, e] and [0, '],
respectively.
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For example, (i) every linearly ordered pseudo-effect algebra trivially sat-
isfies general comparability; (ii) also any Cartesian product of linearly ordered
pseudo-effect algebras; (iii) every o-complete pseudo MV-algebra satisfies gen-
eral comparability (DvureCenskij, in press, Proposition 4.1).

We say that a unigroup (G, u) satisfies general comparability if, given x, y €
G, there is a central element e € E such that p.(x) < p.(y) and p.(x) > po(y).

Itisclearthatif (G, u) satisfies general comparability, it satisfies £ = I'(G, u).
If (G, u) is an £-group, the both notions are equivalent as shown by Jakubik (2002).
In what follows, we show that general comparability in £ and in the corresponding
unigroup (G, u) are equivalent.

Theorem 3.2. Let (G, u) be a unigroup and let E = I'(G, u). Then E satisfies
general comparability, if and only if (G, u) satisfies general comparability. In such
case, E is a pseudo MV-algebra and G is an £-group.

Proof: Let E satisfy general comparability. In the following steps, we prove that
E is alattice which is in fact a pseudo M V-algebra. Let x, y € E andlete € C(E)
such that p,(x) < p.(y) and pe/(x) > po(y). Then x = p.(x) + po(x) > pe(x) +
pe(y)=:v € E.

Claim 1. v=xAy. We have y = p.(y) + pe(y) = pe(x) + peo(y) = v, that
is, v <x,y.Let z <x,y. Then p.(2) < p.(x) and p.(z) < p(y), that is, z =
Pe(2) + per(z) < pe(x) + pe(y) = v, thatis,v = x A y.

Claim 2. w := p.(y)+ pe(x) € E and w = x V y. Since p.(y) A po(x) =0,
thenw := p.(y) + po(x) € E. We conclude now x vV y = w. We have x = p,.(x)
+ per(X) < pe(Y) + pe(x) =w and y = pe(y) + pe(y) = pe(y) + pe(x) = w.
If now z > x, y, then p.(z) > p.(y) and p.(z) > po(x) that is, z = p.(z) +
per(z) = w.

Claim3. x\(xAy)=@xvy\yandy\(xAy)=xVy\x.
Calculate

Pe(x \ (x A y)) = pe(x \ (pe(x) + per(¥))) = pe(x) \ pe(x) =0,
Pe(X \ (X A Y)) = pe(X)\ per(y),

Pe(y \ (x A Y)) = pe(¥) \ pe(x),

Pe(Y\ (x Ay)) = pe(y)\ pe(y) =0,

Pe((x V Y)\ X) = pe((pe(y) + per(x)) \ ) = pe(y) \ pe(x),
pe((x V y)\x) = pe(x)\ pelx) =0,
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Pe((xVYINY) = p.(V)\ pe(y) =0,
Pe((x V Y)I\Y) = pe(x)\ po(y),

which proves Claim 3.

Finally, according to Dvurecenskij and Vetterlein (2001b, Proposition 8.7),
Claim 3 is a necessary and sufficient condition to convert E into a pseudo MV-
algebra (E; @, ,7, 0, 1); we define

a®b:=(@ \(@ Ab)", a,beE.

In such the case, the original + and the derived one from @ coincide.

According to the basic representation of pseudo MV-algebras as the intervals
in a unital £-group (Dvurecenskij, 2003), the unital po-group (G, u) is the corre-
sponding representation £-group. Applying the result of Jakubik (2002), we can
show that (G, u) satisfies general comparability. As a matter of particular interest,
we present the main steps of that proof. Let x,y €e G and put z=x Ay, x' =
x—z,y =y—z Then x’ Ay = 0. If we denote xo = x’ Au and yo =y’ A u,
then xg A yo = 0. There exists an integer n such that x’ V y” < nu. The Riesz inter-
polation property holding in G implies that there exist xy, ..., X, Y1,..., Y, € E
suchthatx’ = x; +---+x,and y = y; + - - - + y,. In view of general compara-
bility holding in E, there exists e € C(F) such that p,(xg) < p.(yo) and p.(xg) >
Pe (Vo). Therefore, p.(x9) < pe(yo) and p. (xp) = p.(yo). Consequently, p.(xo) A
Pe(yo) =0 and p.(xo) A pe(yo) = 0. This implies p.(xg) =0 = p.(yo). Since
x; < x’ and x; < u which gives x; < xq. Therefore, p.(x;) =0 and p.(x") = 0.
This implies p.(x) < p.(').

In an analogous way, we can prove p.(x’) > p.(y’). Taking into account that
x=x"+zandy =y +z,wehave p.(x) = p.(x) + pe(z)and p.(y) = p.(y") +
De(2).Finally, p.(x) < p.(y)and p.(x) > p.(y) whichproves that (G, u) satisfies
general comparability. a

4. CENTRAL ELEMENTS OF UNITAL PO-GROUPS

Anelement e € I'(G, u) is said to central of a unital po-group (G, u) if there
exists a po-group isomorphism

fe: G— G(e) xG(e) @

such that (i) f.(e) = (e, 0), (i) f.(u) = (e, €7), and (iii) if f,(x) = (x1, x2), then
X = x1 + x2, x € G. Itis evident that if f, is a po-group homomorphism from G
onto G(e) x G(e™) satisfying (i)—(iii), then f, is a po-group isomorphism.

Let 7, and 7.~ be the projection from G(e) x G(e™) onto G(e) and G(e™),
respectively. Then ¢, : 7, o f, and ¢~ := 7w~ o f, are po-group homomorphisms
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of G onto G(e) and G(e™), respectively, and
X =¢e(x) + ¢~ (x), x€G. 3)

We denote by C (G, u) the setof all central elements of (G, u). Then0, u € C(G, u),
and C(B(H), 1) ={0,I}.

Proposition 4.1. Let e be a central element of a unital po-group (G, u) and let
fe be the po-group isomorphism from (4.1). Then

(1) fe(e™)=1(0,¢7).
(i) If x € G(e), then f,(x) = (x,0). In addition, ¢, o . = Q..
(i) Ify € G(e™), then f.(y) = (0, ). In addition, ¢~ 0 P~ = P.~.
@iv) G(e) N G(e™) = {0}. In addition, ¢, © po~ = 0 = P~ © P,.
V) e =e".
(vi) For any x € G such that x < nu for some n > 1, then

fe(x) = (x Ane,x Ane”™).

(vii) e € C(E), where E =T'(G, u).

(viii) ne Ane~ =0 foranyn > 1.
(ix) If x € GT and f.(x) = (x1, X2), then x; V Xy = x and x; A x, = 0.
(X) If fe(x) = (x1, x2), then x1 + X2 = X = X3 + X1.
xi) If f €e C(G,u), thene A f € Gandn(e N f) =ne Anf foranyn >

1.
(xii) ne’ = nu — ne for any nl.
(xiil) If0 < x < nu, then x — (x Ane) = (x V ne) —ne = —ne + (x V ne)

=(x Ane’)=—(x Ane)+ x.

Proott ) fe™) =fue + 1) = — fule) + fuow) = —(e,0) + (e, €7) = (0, 7).

(if) We recall that the element e is a strong unit in G(e). Let x € G(e)™.
Then x < ne for some integer n > 1. Then (0, 0) < f.(x) < (x1, x3) <
fe(ne) = (ne, 0). Therefore, x, =0 and f.(x) = (x, 0). If now x €
G(e), then x = x; —x, where xi,x, € G(e)". Hence, f.(x)=
Je(x1) = fe(x2) = (x1, 0) — (x2, 0) = (x, 0).

(iii)) The proof is same as that of (ii).

(iv) If x € G(e) N G(e™), according to (ii) and (iii), we have f,(x) = (x, 0)
= (0, x) which gives 0 = x.

(V) (e,e7) = fo(u) = fe(e™ +e) = fe(e7) + (e,0) = (e1, e2) + (¢, 0)
= (e1 + e, e;) which yields e = e¢; + e and e, = ¢™". Therefore, ¢; = 0
and f,(e7) = (0, ¢7) which givese™ =0+¢~ =¢".

(vi) By (ii) we have 0 < ¢.(x) < x and ¢.(x) < ¢.(nu) = ne. If now
y < x,ne, then @.(y) < ¢c(x). Moreover, —¢e(y) +y = ¢~ (y) <
¢.~(ne) = 0. Hence, y < ¢.(y) < ¢.(x). Therefore, ¢p.(x) = x A ne.
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(vii) By (vi), we have that the restriction of f, onto E is an isomorphism of
E onto [0, e] x [0, e™].

(viii) By (i) and (vi), we have f,(ne™) = (0, ne™) = (ne~ A ne, ne”) which
gives ne” A ne = 0.

(ix) It is clear that x < xy, xp. Let z > xy, x2. Then x; = ¢.(x1) < ¢.(2)
and x; = ¢~ (X2) < Pe~(2), s0 that x = x1 + X2 < Pe(2) + P~ (2) = 2
which proves that x = x; V x,.

Letnow y < xy, x2. Then x; < ne and x, < ne™ forsome n > 1.
By (viii), y < ne, ne™,ie,y <0.

(x) Calculate, ¢.(x2 + x1) = Pe(X2) + @e(x1) = Pe(x1) = x1 and ¢~ (x2 +
x1)
= P~ (X2) + ¢e~(x1) = xp Which proves x, + x| = x = x| + x5.

(xi) Sincenf < nu,by (vi) we have ¢.(nf) = nf Ane = ne.(f) =n(e A
-

(xii) We have ¢.(ne’) = ne’ Ane =0, ¢, (ne’) = ne', ¢p.(nu — ne) = ne —
ne
=0, ¢ (nu — ne) = ne'.

(xiii) Since x =x Ane’+x Ane, then x —(x Ane)=x Ane’ =x+
(—xV —ne)=(x—x)Vx—ne)=0Vv x —ne)=x —ne) Vv (ne —
ne) = (x V ne) — ne. a

In view of (v) of Proposition 2, if e € C(G, u), then we will write

Theorem 4.3. Let (G, u) be a unital po-group. If e, f € C(G, u), then e A
feEanden f € C(G,u),and C(G,u) = (C(G, u); A, V,",0,u)is a Boolean
algebra.

Proof: Itisevident that 0, u € C(G, u).

Letnow e € C(G, u). Then ¢~ = e~ and since the mapping f, is a po-group
isomorphism of G onto G(e) x G(e™), by (ix) of Proposition 2, we have that the
mapping x — (x3, x;) whenever f,(x) = (xi, x) is a po-group isomorphism of G
onto G(e™) x G(e), and it corresponds to f,~. Hence, ¢’ € C(G, u).

Lete, f € C(G, u).

Claim 1. ne Anf' +ne' Anf +ne Anf' =ne’ vnf' =n(e v f') for any
n>1.

Itis easy to verify that (ne A nf)~ = ne’ v nf’ = (ne A nf)~. Wehave nu =
ne +ne’ =ne Anf +ne Anf' +ne’ Anf +ne’ Anf'. Thenne A nf’ + ne’ =
ne Anf' 4+ ne' Anf +ne’ Anf' = ne Anf' +ne Anf' +ne’ Anf = nf’ +
ne’ Anf > ne' Vv nf'.



Unital Groups and General Comparability Property 2177

Let y > ne’, nf’. Then 0 < y < mu for some integer m > n and y A me’ >
me’ > ne’ and y Ame > me Amf' > ne A nf’ which gives y =y Ame + y A
me' = ne’ +ne Anf’.

Calculate, ¢p.(n(e’ vV f') = ngpele A f'+e AN f+e AN f)=n(eA f)and
do(n(e’ v 1)) =n(e' A f)+ n(e’ A f') which gives n(e’ v f') = ne’ v nf’.

This proves Claim.

Claim 2. C(G, u)is alattice.
Assume x € G, x < nu. By (xi) of Proposition 2,

X =xAne+xAnne
=xAneAnf +xAneAnf +xAne Anf+x Ane Anf'
=xAneAf+xanen fY+xAnnE A f)+xan nf).

Therefore, x An(e A f) e Ge A f) and x An(e A f)Y+x An(e A f)+
xAnE Af)yeG(en f)) and the mapping fonr: GT — Glen f)F x
G(len f))t defined by foar(x)=@Anenf),xAneAf)+xn
nee A fy+x An(e A f)),0<x < nu,is a well-defined mapping which is in-
jective, and if f, A p(x) = (x1, x2) thenx = x1 +x2; fons(e A f) = (e A f,0) and
ferru) = (e A fi(e A f)).

In addition, f,, s is surjective and it preserves + in G*.

Ifnow x € G,thenx = x| — xp = —y; + y», where x1, x3, y1, y» € G. Then
y1 + X1 = y2 + x» which shows that f,.; can be extended to a po-group ho-
momorphism denoted also by forr: G — G(e A f) x G((e A f)') which is a
po-isomorphism in question. This proves e A f € C(G, u). Therefore, we have
proved Claim 2.

Claim 3. For0 < x < nu, x A ne = 0if and only if x < ne'.
Letx Ane =0.Thenx = x A ne + x A ne’ = x A ne’ which gives x < ne’.
Conversely,ifx < ne’,thenx = x Ane +x Ane’ = x Ane+ x,ie,x Ane=0.

Claim4. IfenA f=0,thene+ f=eV f=f+e.
Ifenf=0,then by Claim 3, e+ f € E and f+e€ E, and e+ f >

eV f = f+e Hence, ovr(e+ f)=evs(e)+ devs(f)=e+ f<eVv f.In
an analogous way f +e <eV f.

Claim5. IfeA f=0and x € GT, then Pev (X)) = Pe(X) + Pp(x) = Pr(x) +
¢.(x) and
xAmevnf)y=xAne+xAnf =(xAne)V (x Anf).

Let 0 <x € nu. Then p.vr(x) =x An(eV f) and penp(x) =x An(e’ A
f. Since x =x AneAnf+xAneAnf' +xAne Anf+xAne Anf =
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X Ane+x Anf + ppevyy(x), so that poyr(x) =x Ane+x Anf. If now z >
xANe,x A f,then 0 <z < mu for some integer m > n, and

z=zAmeAmf +zAmernmf +zAme Amf +zAme Amf'>z A
me +z Amf > x Ame+x Amf =x Ane+ x Anf, which proves

xAmevnf)y=xAne)+ x Anf)=(x Ane)V(x Anf).

Claimé6. Ifen f=0,0<x<neand0 <y <nf,thenx+y=y+x=xV
y.

It is clear that x + y > x, y. Suppose z > x, y. There exists an integer m >
n such that 0 < z < mu. By Claim 5, we have z > @\ r(2) = ¢e(2) + ¢f(2) =
zAme+zAmf >xAme+yAmf =xAne+yAnf=x+y.Inasimilar
way, We prove y +x = x V y.

Claim7. Ife < f,thene\f = f Ae' = fe,and ¢orp(¥) = Pe(x) — P p(x)
= —¢r(x) + ¢e(x), x € GT.
Sincee=fVven f'=f+eA f,Claim 4 yields Claim 6.

Claim8. If0 < x < nu, then
X A(nevnf)=(x Ane)V (x Anf).

Setey =e A f',e;=e A fande; = ¢ A f.By induction and Claims 5 and
6, we have x A (neVnf)=x A (ne; Vne,Vnes) = (x Aney)V(x Ane)V
(x Ane3) = ((x Anep) V (x Aney)) V ((x Aney) V(x Anez)) = x A (ney vV
ney) Vx A(neyVnes) = (x Ane)V (x Anf).

Claim 9. C(G, u) is a Boolean algebra.

By Claim 2, C(G, u) is a lattice. Let e, f, g € C(G, u). If we set x = g, from
Claim 8 we conclude g A (e V f) = (g Ae) V(g A f). Passing to’, we have the
second distributivity law. |

From the Proof of Theorem 4.2 we have that if e, f € C(G, u), then

Genf = Pe 0Py =y 0 Pe.

In the following result we characterize central elements of (G, u) satisfying
(RDP). We note that if E satisfies (RDPy) and a A b =0 fora, b € E, then a +
b,bt+a,avbe E,andavb=a+b=b+a.

Corollary 4.1. Let (G, u) be a unigroup with generative u and let E = I'(G, u).
Then C(E) = C(G, u).
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Proof: If e is a central element of (G, u), then evidently e is a central element
for E.

Conversely, let e be a central element for E. According to (vi) of Proposition 1,
e is a central element also for (G, u). 0O

Theorem4.4. Letaunital po-group (G, u) satisfy (RDP).Thene € E = I'(G, u)
is central if and only if e A e~ =0 if and only ife Ne™ = 0.

Proof: Lete € C(G,u),thene Ane™ =0 =e A e~ . In view of (viii) of Propo-
sition 2, e A e~ =0ifand only ife A e™ = 0.

Conversely, let e Ae™ =0. Thenx <1 =e+ ¢ for any x € E. There are
X1 < e and x; < e~ such that x = x| + x,. We show thatif y; <e and y, <e™
and x = y; + y», thenx; = y; and x, = y;. Due to (RDP), there are four elements
C11, C12, C21, €22 € E such that x| = ¢y + ¢12, X2 = €21 + €22, y1 = €11 + ¢21 and
Y2 = C12 + C22. Sincecp; < x; <eandcpp < Y, < e, we conclude ¢, = 0. Sim-
ilarly, Cr = 0. HCIICC, X1 =C11 = )1 and Xy = C2 = 2.

Define the mapping p, : E — [0, e] by p.(x) =x;if x =x; +x2 (x € E).
If x; € [0, e] and x; € [0, e™], then x; A x, = 0, so that by the earlier note, x =
X1+ X2 = x3 + x; = X1 V X2, and hence p.(x) = x;. Consequently, p, restricted
to [0, e] is the identity.

We show that p, is ahomomorphism of pseudo-effect algebras.Letx +y € E
and x = x; +xpand y = y; + yp, where x1, y; <e,xp, 2 <e" . Thenx +y =
X1+ x2+ y1 + y2. Since x; A y; =0, then x +y = x; + y; + x2 + y2. On the
other hand, let x + y = z; 4 z;, where z; < e and z; < ¢™". Hence, there are four
elements d1, di2, da1, dy; such that

X1+ y1 = di +di,
X2 + y2 = dy +dn,
71 = dy +da,
zp =dpp + do.

We claim d; = 0. Since dj; < x; + y;, then dj; =d’ + d”, where d’ < x;
andd” < y;. Thend <x; <eandd <dj; <z, <e” sothatd =0,and d” <
y1 <eandd” < z; < ¢” proving d’ = 0 and therefore di, = 0. In a similar way,
we can prove dp; = 0 which yields x| 4+ y; = z; and x; 4 y, = 25, so that, p, is
a homomorphism.

By the earlier note, we have ¢~ = e~. Therefore, we can write ¢’ := ¢~ = ¢,
and let p,(x) = xp if x = x; + x (x € E). Then p, is a homomorphism from E
onto [0, ¢'].

Consequently, the mapping f, : E — [0, e] x [0, ¢'] defined by f.(x) =
(pe(x), po(x)), x € E, is an isomorphism of pseudo-effect algebras with
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fe(e) = (e, 0), so that e € C(E). Since (G, u) satisfy (RDP), (G, u) is a unigroup
with generative u, by Corollary 1, e € C(G, u). O

We say that a po-group G is Dedekind monotone o -complete if any sequence
x1 < x3 < ---in G which has an upper bound, x € G, has a supremum \/ - | x,
in G. We recall that a Dedekind monotone po-group is not necessarily a lattice
(Goodearl, 1986, Examples 16.1 and 16.8), or the unital po-group B (/) which is
an antilattice (Luxemburg and Zaanen, 1971).

Another example, let G = 772 with the strict ordering <, that is, (m, n;) <
(my, ny) iff either m; < m, and ny < n, or (my, ny) = (my, ny). Then (G, u),
where u = (1, 1), is a unital po-group which not an interpolation group. (G, u) is
Dedekind monotone o -complete (all bounded ascending or descending sequences
from Z? are eventually constant).

Theorem 4.5. Let a unital po-group (G, u) be Dedekind monotone o-complete
such that if 0 € G™ is the infimum of two elements, x and y, from G, then 0 is the
infimum of x and y also in G. Let e = \/fil e; € G, wheree; € C(G,u),i > 1.
Thene € C(G,u), and foranyn > 1 and any 0 < x < nu

XA ({0/ ne,-) = {o/(x Ane;). 4
i=1 i=1

Proof: Since by Theorem 4.2, C(G, u) is a Boolean algebra, without loss of
generality, we can assume e; < e, < - - -. Therefore, e € G. We recall that we also
have e™ = e~ =:¢'.

In addition, x A ¢; € E, which entails

Xo = \/(x A ne;)
i
is defined in G, and x¢ < x, e.

Claim 1. ne =\/, ne; foranyn > 1.

Indeed, for simplicity assume n =2. Then e +e = (\/i2, ¢;) + e = \/i2,
(ei +e) =\, \/?11(61' +e)) = V72, 2e;.

Assume that x; is any element of G such that x A ne; < x§ < x, ne for any
i; such an element always exists, e.g., xo.

Claim2. N\;(x — (x Ane)) =x — x5 = —x§ + x.

It is evident that x — (x A ne;) > x — x§ for every i. Letd < x — (x A ne;)
for each i. By (xiii) of Proposition 2, d < x — (x A ne;) = (x V ne;) — ne;. Then
d+ne; <xVne <x—x;+ne and ne; < —d +x — x;j +ne which gives
ne < —d +x — x; + ne which gives d < x — x;.
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Claim 3. xo=\/;(x Ane;) = x}.
From Claim 2, we have A;(x — (x Ane)) =x — \/;(x Ane;) = x — x§,
that is, \/,;(x A ne;) = x§.

Claim4. (x —x§5) A (ne —x5) =0.

Assume 0 < z <x —x; and z < ne — x§. Then z + xj < x, z + x§ < ne,
and x A ne; <z 4 x; < ne, x for each i. Using Claim 3, we have xj = z + x{,
thatis, z = 0.

Claim5. ne Ane’ =0foranyn > 1.

Assume 0 < z < ne, ne’. For zg := \/;(z A ne;) we have zy <z < ne, ne’
andz A ne; < zg < ne’ < ne; which gives z A ne; = Oforanyi,i.e., zo = 0. Then
z — z9 < ne — zg and by Claim 3, we have z — zp = (z — z¢) A (ne — zg) = prov-
ingz=0.

Define two mappings ¢, : Gt — G(e)" and ¢ : GT — G(e/)" by

q.(0) := \/ (x A nep) =: xo,

qe(X) :=Xx — Xo

for any 0 < x < nu. g, is well defined, while if 0 < x < nu and x < mu, then
x A ne; = x A me; for any i. By Claims 2-3, we have g, (x) = x —x¢o = —xo +
x = /\;,(x Ane)) e Gt

Then ¢g.(e) = e and g, (e) = 0.

Claim6. Ifx,y € G such that x + y < nu, then ¢.(x + y) = q.(x) + q.(y).

Calculate, gex + )=V, ((x +y) Ane;)) =\, (x Ane; +y Ane;) <
qe(x) + q.(y) € G(e)*.

Assume (x 4+ y) A ne; < zforanyi,andfix anintegeriy > 1. Thenxg, yo < z
and x A ne; +y Ae;, <z for any i > iy. Hence, x A ne; <z — (y A nej,), that
is, xo <z — (x Ane;,) and y A ne;; < —xo + z which gives yp < —xp + z and
Xo+ Yo =z.

Claim7. Ifx,y € G* suchthat x + y < nu, then go(x + y) > g (x) + ge(y).
Indeed, g (x +y) = \;((x +y) Ane}) = \;(x Ane; +yAne))>xAe
+yne eGt.

Claim8. 1f0 <x <ne,0 <y <ne, then g.(x) = x and g, (y) = y.
Calculate, g.(x) = x¢ and g, (x) = x — xop < e, ¢/ which by Claim 5 means

x — xo = 0. Similarly we prove g, (y) = y.

Claim9. If0<x <neand0 <y <ne,thenx+y=xVy=y+ux.
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Assume z > x,y. Then ¢.(z) > g.(x) = x and ¢.(z) > g (y) = y which
gives z = q.(2) + qo(z) = x + y, thatis,x +y =x V y.

We assert that g.(x + y) = y. Indeed, x +y = g.(x + y) + g (x + y) >
Ge(x) + qe(¥) + g (x) + qer(y) = x + y.

Assume now x +y =y +d for some d € G*. Then x = g.(x +y) =
ge(y +d) =g.(d) and y = g (x + y) = g0 (y +d) = y + qo(d) which implies
x+y=y4+d=>=y+qg.(d)=y+x.But y+x>x,y,then y+x >xvVvy=
X+ y.

Claim 10. Ifx,y € Gt and x + y < nu, then g (x + y) = g (x) + g ().
Calculate and use Claim 9, x+y=¢g.(x +y)+ go(x +y) > go(x)
F4e(y) + e (X) + Ger(y) = Ge(X) + qer(X) + qe(y) + g (y) = x + y.

Claim11. If f,: Gt — G(e)*™ x G(¢')" is defined by
fe(x) = (q.(x), qo(x)), x €G,

then f, is a +-preserving injective mapping onto G(e) x G(¢’).

Indeed, f.(e) = (e,0), and if f.(x) = (x1, x2), then x = x; 4+ x;, and by
Claims 8 and 10, f, is an injective mapping preserving +. Assume 0 < x < ne
and0 <y <ne',thenx +y < nu and f.(x + y) = (x, y).

As in the Proof of Theorem 4.2, we can extend f, to a mapping from G
to G(e) x G(¢') which is also denoted by f,. It is possible to show that f, is a
po-group isomorphism, which proves that e is a central element of (G, u).

Therefore, x A ne € E, so that x A ne = xo which proves (4.3). O

It is worth noting that the statement, “if for x, y € G* the infimum in GV is
0, then the infimum of x, y taken is the whole G is also 0,” is equivalent with the
statement “the infimum of a, b € G is the same as the infimum of @, b takenin G.”

We recall that if (G, u) is an £-group, then infimum of two positive elements
taken in G* is the same as that taken in the whole G. In this particular case,
if in addition, G is Dedekind monotone o-complete, then G is a Dedekind o -
complete £-group. In a similar way, if (G, u) satisfies (RDP;), then infimas taken
in £ =T'(G, u) are preserved also in G ((Dvurecenskij and Vetterlein, 2001b,
Proposition 6.3).

5. GENERAL COMPARABILITY AND STATES
ON UNITAL PO-GROUPS

Now we extend the notion of general comparability also for unital po-groups.

We say that a unital po-group (G, u) satisfies general comparability if, given
X,y € G, there is a central element ¢ € C(G, u) such that ¢.(x) < ¢.(y) and
¢e’(-x) = ¢e’(y)'
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The following result extends the result holding for Abelian unital groups with
interpolation (Goodearl, 1986, Proposition 8.9), as well as that for Abelian unital
compressible unital po-groups not necessarily with interpolation (Foulis, preprint,
Theorem 4.9).

Theorem 5.1. Let a unital po-group (G, u) satisfy general comparability. Then
G is an £-group.

Proof: Given x, y € G, there exists e € C(G, u) such that ¢.(x) < ¢.(y) and
o (X) > P (y). Set v = e(x) + ¢ (y). Then v < ¢.(y) + ¢ (y) =y and
similarly v < x.

Ifnow z < x, y, then ¢.(z) < ¢.(x) and ¢, (z) > ¢, (y) whence z = ¢.(z) +
@' (2) < @po(x) + ¢ (y) = v which proves v = x A y.

In a similar way, we can prove that if w := ¢.(y) + ¢ (x), then w =
X Vy. O

Comparing Theorems 1 and 3, we see that if a unital po-group (G, u) satisfies
general comparability, then it is a unigroup which is an £-group. In addition,
if (G, u) is a Dedekind o-complete £-group, then (G, u) is commutative and it
satisfies general comparability (Goodearl, 1986, Theorem 9.9). This and Theorem 1
prove the following corollary.

Corollary 5.2. Let (G, u) satisfy general comparability. Then C(G, u) = C(E),
where E = T'(G, u).

We recall that a state on a unital po-group (G, u) is any mapping § : G — R
such that (i) §(g) > forany g € G ¥, (ii) §(g + h) = 8(g) + §(h) forall g, h € G,
and (iii) §(u) = 1. It is well known that if (G, u) is an Abelian group, then (G, u)
admits a state (Goodearl, 1986, Corollary 4.4) whenever © > 0. In contrast that,
for non-commutative unital po-groups this is not always the case, as it was shown
in (Dvurecenskij, 2001), or see the following example.

We apply similar notations as in (Glass, 1999). Let R be the set of all real
numbers with the natural linear order. We denote by A(R) the set of all order-
preserving permutations of R. Then A(R) is a group under composition. For f, g €
AR) weput f < gif f(¢) < g(t) foreach ¢ € R. The relation < is a partial order
on A(R) and under this partial order, A(R) turns out to be a lattice ordered group.

Example 5.3. Let a € A(R), a(t) >t for any ¢t € R, and a(ty) > fy for some
to € R. Then (G, a) is a stateless unital £-group, where G, denotes the convex
£-subgroup of A(R) generated by the element a. In addition, general comparability
fails to hold in M (see Theorem 4).
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In what follows we show that if (G, u) satisfies general comparability, then it
admits a state.

Theorem 5.4. Every unital po-group satisfying general comparability admits a
state.

Proof: Let (G, u) be a unital po-group satisfying general comparability. Ac-
cording to Theorem 4, G is an £-group and E = I'(G, u) is a pseudo MV-algebra
such that C(E) = C(G,u) and E satisfies general comparability. Applying
(Dvurecenskij; Cor 4.5], E admits a state, s. Since (G, u) is a unigroup, s can
be extended to a state, §, on (G, u). O

In what follows we show that if (G, u) satisfies general comparability, then
G is representable, that is, it is a subdirect product of linearly ordered unital
po-groups.

Let {(M;;®;,~,”, 0, 1)}ser be a family of pseudo MV-algebras. The
Cartesian product M := ]_[teT M,, where @, ,”, 0, 1 are defined in a usual way
by coordinates, is said to be a direct product of {(M,; ®;,”" ,”", 0, 1;)}ser. Then
M is a pseudo MV-algebra. A pseudo MV-algebra M is a subdirect product of
a family of {(M;; ®;,”",™, 0, 1,)};er of pseudo MV-algebras iff there exists a
one-to-one homomorphism /2 : M — [[,.; M, of pseudo MV-algebras such that,
for each t € T, m; o h is a homomorphism of pseudo MV-algebras from M onto
M,, where m, is the ¢-th projection ]_[reT M, onto M,.

According to (Georgescu and lorgulescu, 2001), we say that a pseudo MV-
algebra M is representable if it can be represented as a subdirect product of linear
pseudo MV-algebras. It is well known that every M V-algebra is representable (see
e.g., Cignoli et al., 2002).

An ¢-group G is representable iff it is a subdirect product of linearly ordered
£-groups, or equivalently (Darnel, 1995, Proposition 47.1(c)), iff there exists a
system of ¢-ideals, {L, : t € T}, of G such that (", L, = {0}.

Theorem 5.5. Every unital po-group satisfying general comparability is a
representable as a subdirect product of linearly ordered unital po-groups.

Proof: Let (G, u) be a unital po-group satisfying general comparability. Then
(G, u) is an £-group, and E = I'(G, u) is a pseudo M V-algebra with general com-
parability. According to (Dvurecenskij) Thm 6.2], E is representable, and this
is possible iff G is representable, see (Dvurecenskij, 2001). If E is a subdirect
product of a system of linearly ordered pseudo MV-algebras, {E;}, then accord-
ing to basic representation of pseudo MV-algebras (Dvurecenskij, 2003), every
E; =T'(G, u;), where (G, u;) is a linearly ordered unital £-group. Hence, G is a
subdirect product of {G;}. |
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